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Abstract
We calculate the rates of radiative β− → α−+γ decays for (α, β) = (e, µ), (e, τ) and (µ, τ) by
taking the unitary gauge in the (3 + n) active-sterile neutrino mixing scheme, and make it clear
that constraints on the unitarity of the 3× 3 Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix
U extracted from β− → α−+γ decays in the minimal unitarity violation scheme differ from those
obtained in the canonical seesaw mechanism with n heavy Majorana neutrinos by a factor 5/3.
In such a natural seesaw case we show that the rates of β− → α− + γ can be used to cleanly
and strongly constrain the effective apex of a unitarity polygon, and compare its geometry with
the geometry of its three sub-triangles formed by two vectors UαiU
∗
βi and UαjU
∗
βj (for i 6= j) in
the complex plane. We find that the areas of such sub-triangles can be described in terms of the
Jarlskog-like invariants of CP violation J ijαβ, and their small differences signify slight unitarity
violation of the PMNS matrix U .
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1 Introduction
The discoveries of solar, atmospheric, reactor and accelerator neutrino oscillations [1] have changed
some of our previous ideas about the standard model (SM) of particle physics, especially about its
lepton flavor sector. Now we are firmly convinced that neutrinos have mysteriously tiny masses and
lepton flavors are significantly mixed. Behind these two important observations must be some kind of
new physics beyond the SM [2], which is responsible for the origin of neutrino masses and may have
far-reaching implications for particle physics and cosmology.
In weak charged-current interactions it is the 3 × 3 Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
matrix U that describes the effects of lepton flavor mixing and CP violation [3–5]. The smallest element
of U is found to be |Ue3| ' 0.15 [6], much larger than |Vub| ' 3.6× 10−3 — the smallest element of the
3× 3 Cabibbo-Kobayashi-Maskawa (CKM) quark flavor mixing matrix V [7,8]. Moreover, the PMNS
matrix U is very likely to accommodate significant CP violation in the lepton sector, as indicated by
the latest T2K measurement at almost the 3σ confidence level [9]. Given the unitarity of U , there are
three Dirac-type unitarity triangles defined by the orthogonality conditions [10] 1
Uα1U
∗
β1 + Uα2U
∗
β2 + Uα3U
∗
β3 = 0 (1)
in the complex plane, where (α, β) = (e, µ), (µ, τ) or (τ, e). The geometry of each triangle depends
only upon the Dirac phase δ of U which gives rise to leptonic CP violation in those “appearance”-type
long-baseline neutrino oscillations as recently constrained by the T2K experiment [9]. So far quite a
lot of attention has been paid to leptonic unitarity triangles in vacuum or in matter [12–19], partly
because such a geometric language has proved to be very successful in the quark sector to intuitively
describe the most salient features of flavor mixing and CP violation.
But unlike the CKM matrix V , whose unitarity is guaranteed by the SM itself, whether the PMNS
matrix U is exactly unitary or not depends on the origin of neutrino masses. From a theoretical
point of view, the most natural and popular mechanism of generating finite but tiny neutrino masses
is the canonical seesaw mechanism [20–24] — an extension of the SM by adding n heavy (right-
handed) neutrino fields and allowing lepton number violation. Such SU(2)L-singlet neutrino fields are
coupled with the leptonic SU(2)L doublet and the Higss doublet as an SM-like Yukawa interaction
term, and they may also form a gauge-invariant but lepton-number-violating Majorana mass term
with their own charge-conjugated counterparts. After spontaneous gauge symmetry breaking, the
resultant neutrino mass matrix is a (3 + n)× (3 + n) symmetric matrix whose eigenvectors correspond
to three light Majorana neutrino fields νi (for i = 1, 2, 3) and n heavy Majorana neutrino fields Nj
(for j = 1, 2, · · · , n). In this case the mixing between light (active) and heavy (sterile) neutrino flavors
is described by a 3 × n matrix R [25, 26], and it is correlated with the 3 × 3 PMNS matrix U via
UU † + RR† = I. Since both U and R are the sub-matrices of a (3 + n) × (3 + n) unitary matrix
U used to diagonalize the overall (3 + n) × (3 + n) neutrino mass matrix, neither of them is exactly
1There are also three Majorana-type triangles defined by the orthogonality relations UeiU
∗
ej + UµiU
∗
µj + UτiU
∗
τj = 0
in the complex plane [10, 11], where (i, j) = (1, 2), (2, 3) or (3, 1). The configuration of each triangle is sensitive to the
relative phases of three Majorana neutrino mass eigenstates νi (for i = 1, 2, 3) [14], but it is irrelevant to the radiative
decays of charged leptons and hence will not be discussed in this paper.
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Figure 1: The schematic plot of an effective Dirac-type unitarity triangle and four typical topologies
of its apex in the complex plane based on the (3 + n) active-sterile neutrino mixing scheme, where
(α, β) = (e, µ), (µ, τ) or (τ, e). As for the effective apex in red, pattern (a) corresponds to the exact
unitarity triangle of three active neutrinos defined by Eq. (1); and pattern (b1), (b2) or (b3) stands
for a unitarity polygon of (3 + n) neutrinos defined by Eq. (3).
unitary. The standard weak charged-current interactions of three charged leptons and (3+n) neutrinos
turn out to be [25,26]
Lcc =
g√
2
(e µ τ)L γ
µ
U
ν1ν2
ν3

L
+R
N1...
Nn

L
W−µ + h.c. , (2)
where both the charged leptons and neutrinos are in their mass eigenstates, and the correlation between
R and U has been given above (i.e., UU † = I − RR†). As a straightforward consequence, the three
Dirac-type unitarity triangles defined in Eq. (1) are now replaced with three unitarity polygons defined
by the orthogonality relations
Uα1U
∗
β1 + Uα2U
∗
β2 + Uα3U
∗
β3 = −
n∑
i=1
RαiR
∗
βi (3)
in the complex plane, where (α, β) = (e, µ), (µ, τ) or (τ, e). In other words, the unitarity of U is
violated due to R 6= 0. Since the strength of active-sterile flavor mixing is expected to be very small
in a natural seesaw model, the departure of a unitarity polygon from the corresponding unitarity
triangle should also be very small and can serve as a clear signal of new physics if it is finally measured
at low energies. Figure 1 schematically illustrates an effective Dirac-type unitarity triangle and four
typical topologies of its apex in the complex plane, where pattern (a) corresponds to exact unitarity
in the standard case and pattern (b1), (b2) or (b3) stands for slight unitarity violation in the presence
of active-sterile neutrino mixing. Then the question becomes which weak-interaction process at low
energies is appropriate for constraining a given unitarity polygon and probing its deviation from the
corresponding unitarity triangle.
In the present paper we are going to show that the radiative decays of charged leptons, denoted as
β− → α− + γ for (α, β) = (e, µ), (e, τ) or (µ, τ), can be used to impose a straightforward and strong
constraint on the effective apex of a given unitarity polygon in the canonical seesaw mechanism with
the heavy Majorana neutrino masses Mi (for i = 1, 2, · · · , n) being far above the charged vector boson
3
mass MW . It is worth pointing out that our work is different from those previous studies (see Ref. [27]
for a recent review with extensive references) in the following three aspects.
• We calculate the rates of lepton-flavor-violating β− → α− + γ decays mediated by both three
active neutrinos and n sterile neutrinos via Eq. (2) in the unitary gauge, where the sterile
neutrinos can in general be either heavy or light (i.e., one is unnecessarily subject to the canonical
seesaw mechanism). Our result is consistent with those obtained in Refs. [28, 29] 2. Switching
off the sterile neutrinos, we may immediately reproduce the pioneering results achieved in 1977
[20,30–35]. We make it clear that constraints on the unitarity of U extracted from β− → α−+ γ
decays in the so-called minimal unitarity violation scheme (see, e.g., Refs. [36–38]) are different
from those obtained in the canonical seesaw mechanism with n heavy Majorana neutrinos by a
factor 5/3, simply because there is a constant which dominates the loop function in the former
case but it is cancelled out in the latter case due to the unitarity condition UU † +RR† = I.
• We illustrate how the loop function Gγ(xi) evolves with xi ≡ λ2i /M2W , where λi represents an
arbitrary neutrino mass (for i = 1, 2, · · · , n + 3), and identify the two asymptotic convergence
limits Gγ(xi) → −1/3 for xi  1 and Gγ(xi) → −5/6 for xi  1. In the former case we
demonstrate that the rates of β− → α−+γ can be used to cleanly constrain the effective apex of
a unitarity polygon shown by Figure 1 in the canonical seesaw mechanism, and in the latter case
we propose to define three new effective neutrino masses which are directly sensitive to charged
lepton flavor violation. Some numerical results are also obtained in these two cases.
• We explore the geometry of a given unitarity polygon as compared with the geometry of its three
sub-triangles 4ijαβ formed by two vectors UαiU∗βi and UαjU∗βj (for i 6= j) in the complex plane.
The areas of such sub-triangles can be described in terms of the Jarlskog-like invariants of CP
violation [39]
J ijαβ = Im
(
UαiUβjU
∗
αjU
∗
βi
)
, (4)
where (α, β) = (e, µ), (µ, τ) or (τ, e) and (i, j) = (1, 2), (2, 3) or (3, 1), and their differences
signify slight unitarity violation of the 3× 3 PMNS matrix U .
Therefore, we expect that the main results of our study will be useful for testing unitarity of the
PMNS matrix and probing possible active-sterile neutrino mixing in the era of precision measurements
of neutrino oscillations, charged lepton flavor violation and even lepton number violation.
The remaining parts of this paper are organized as follows. In section 2 we calculate the rates of
radiative β− → α− + γ decays in the (3 + n) active-sterile neutrino mixing scheme by making use of
the unitary gauge, and discuss some salient features of the loop function. Section 3 is devoted to some
straightforward but strong constraints on a given unitarity polygons in a natural seesaw framework,
and to some explicit discussions about its sub-triangles 4ijαβ by taking the most popular (3 + 3)
active-sterile neutrino mixing scenario for example. We summarize our main results in section 4.
2The Feynman-’t Hooft gauge has been adopted in Ref. [28] for the calculations of radiative β− → α−+γ decays, but
In Ref. [29] the authors made no mention of which gauge has been used to carry out the Feynman-diagram calculations.
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Figure 2: The one-loop Feynman diagrams contributing to µ− → e− + γ in the unitary gauge, where
χi can be either three active neutrinos (i.e., χi = νi with mass mi for i = 1, 2, 3) or n sterile neutrinos
(i.e., χi+3 = Ni with mass Mi for i = 1, 2, · · · , n) in the (3 + n) active-sterile flavor mixing scheme.
2 Radiative β− → α− + γ decays
Let us take µ− → e− + γ as an example to show how to calculate the rates of radiative β− → α− + γ
decays for (α, β) = (e, µ), (e, τ) or (µ, τ). Given the (3 + n) active-sterile neutrino mixing scheme and
the weak charged-current interactions of such neutrinos as described by Eq. (2), the lowest-order (one-
loop) Feynman diagrams which contribute to µ− → e−+γ in the unitary gauge are plotted in Figure 2,
where χi with mass λi (for i = 1, 2, · · · , 3 + n) represents an arbitrary neutrino field under discussion
no matter whether it is active or sterile and whether it is light or heavy. For the sake of simplicity, one
may tentatively use Uαi (for i = 1, 2, · · · , 3+n) to universally describe Uαi (for i = 1, 2, 3) and Rαi (for
i = 1, 2, · · · , n), since U and R are respectively the upper-left 3×3 and upper-right 3×n sub-matrices
of the (3 + n) × (3 + n) unitary matrix U . With the help of the notations χi, λi and Uαi, the active
and sterile neutrinos can be treated on the same footing in calculating the rate of µ− → e− + γ.
In the unitary gauge and D dimensions (D ≡ 4− ε), the three decay amplitudes for µ− → e− + γ
shown in Figure 2 can be expressed as
iMa = −
1
2
eg2∗ρ (q)
3+n∑
i=1
UeiU∗µi µ
3
2
ε
∫
dDk
(2pi)D
u (p− q) γµPL
/p− /q − /k + λi
(p− q − k)2 − λ2i
γνPL
× /p− /q +mµ
(p− q)2 −m2µ
γρu (p)
(
gµν −
kµkν
M2W
)
1
k2 −M2W
,
iMb = −
1
2
eg2∗ρ (q)
3+n∑
i=1
UeiU∗µi µ
3
2
ε
∫
dDk
(2pi)D
u (p− q) γρ /p+me
p2 −m2e
γµPL
× /p− /k + λi
(p− k)2 − λ2i
γνPLu (p)
(
gµν −
kµkν
M2W
)
1
k2 −M2W
,
iMc =
1
2
eg2∗ρ (q)
3+n∑
i=1
UeiU∗µi µ
3
2
ε
∫
dDk
(2pi)D
u (p− q) γµPL
/p− /q − /k + λi
(p− q − k)2 − λ2i
γνPLu (p)
×
(
gµσ −
kµkσ
M2W
)
1
k2 −M2W
[
−gσλ (q + 2k)ρ + gλρ (2q + k)σ + gρσ (k − q)λ
]
×
[
gλν −
(q + k)λ (q + k)ν
M2W
]
1
(q + k)2 −M2W
, (5)
5
in which µ is an arbitrary mass-dimension-one parameter to keep the coupling constants e and g to be
dimensionless in D dimensions. In appendix A we have figured out the integrals in Eq. (5) with the
help of the on-shell conditions p2 = m2µ, q
2 = 0 and p ·q = (m2µ −m2e) /2, the physical polarizations for
the external photon  (q) · q = 0 and the Passarino-Veltman integrals. Then we take the limit D → 4
(i.e., ε→ 0) and arrive at the results
iMa =
ieg2
2 (4pi)2
∗ρ (q)u (p− q)
me
(
mePR +mµPL
)
m2µ −m2e
γρu (p)
3+n∑
i=1
UeiU∗µi µ
1
2
ε
×
{
1
2
(
3xi −
m2e
M2W
)
∆ +
[
−x
3
i − 3x2i + 45xi − 7
12 (xi − 1)3
+
x2i (x
2
i − 4xi + 9)
2 (xi − 1)4
lnxi
+
1
2
ln
M2W
µ2
]
m2e
M2W
+
5x2i − 5xi − 6
4 (xi − 1)
− 3x
2
i (xi − 2)
2 (xi − 1)2
lnxi −
3xi
2
ln
M2W
µ2
}
, (6)
and
iMb = −
ieg2
2 (4pi)2
∗ρ (q)u (p− q)
mµ
(
mµPR +mePL
)
m2µ −m2e
γρu (p)
3+n∑
i=1
UeiU∗µi µ
1
2
ε
×
{
1
2
(
3xi −
m2µ
M2W
)
∆ +
[
−x
3
i − 3x2i + 45xi − 7
12 (xi − 1)3
+
x2i (x
2
i − 4xi + 9)
2 (xi − 1)4
lnxi
+
1
2
ln
M2W
µ2
]
m2µ
M2W
+
5x2i − 5xi − 6
4 (xi − 1)
− 3x
2
i (xi − 2)
2 (xi − 1)2
lnxi −
3xi
2
ln
M2W
µ2
}
, (7)
as well as
iMc = −
ieg2
2 (4pi)2M2W
∗ρ (q)
3+n∑
i=1
UeiU∗µi µ
1
2
ε
{
u (p− q) (mePL +mµPR) pρu (p)
×
[−4x3i + 45x2i − 33xi + 10
6 (xi − 1)3
− 3x
3
i
(xi − 1)4
lnxi
]
+ u (p− q) γρPRu (p)
×memµ
[
1
2
∆ +
3x2i − 28xi + 9
4 (xi − 1)2
− x
2
i (xi − 9)
2 (xi − 1)3
lnxi −
1
2
ln
M2W
µ2
]
+u (p− q) γρPLu (p)
[
M2W
(
−3xi
2
∆− 5x
2
i − 5xi − 6
4 (xi − 1)
+
3x2i (xi − 2)
2 (xi − 1)2
lnxi
+
3xi
2
ln
M2W
µ2
)
+
(
m2e +m
2
µ
)(1
2
∆ +
5x3i − 48x2i + 78xi − 17
12 (xi − 1)3
− x
2
i (x
2
i − 7xi + 9)
2 (xi − 1)4
lnxi −
1
2
ln
M2W
µ2
)]}
, (8)
where xi ≡ λ2i /M2W and ∆ ≡ 2/ε − γE + ln (4pi) with γE being Euler’s constant. One may easily
check that the divergent terms in the above three amplitudes are exactly eliminated in the total decay
6
amplitude M =Ma +Mb +Mc. Namely,
iM = ieg
2
2 (4pi)2M2W
3+n∑
i=1
UeiU∗µiGγ (xi)
{
∗ρ (q)u (p− q)
[(
m2e +m
2
µ
)
γρPL
+ 2memµγ
ρPR − 2pρ
(
mePL +mµPR
)]
u (p)
}
=
−ieg2
2 (4pi)2M2W
3+n∑
i=1
UeiU∗µiGγ (xi)
[
∗ρ (q)u (p− q) iσρλqλ
(
mePL +mµPR
)
u (p)
]
, (9)
where
Gγ (xi) = −
5
6
− 2x
3
i + 5x
2
i − xi
4 (1− xi)3
− 3x
3
i
2 (1− xi)4
lnxi . (10)
The results obtained in Eqs. (9) and (10) are consistent with those obtained in Refs. [27–29, 40–43],
but some necessary comments and clarifications are in order.
• In Ref. [40] a similar loop function F (xi) for µ− → e− + γ has been obtained in the canonical
seesaw framework, but it is presented in the form of several integrals. After explicitly figuring
out those integrals, we arrive at
F (xi) =
10
3
+
2x3i + 5x
2
i − xi
(1− xi)3
+
6x3i
(1− xi)4
lnxi . (11)
It is clear that Gγ (xi) = −F (xi) /4 holds, and the factor −1/4 can be compensated by an
additional factor −4 in the total decay amplitude M of ours. Therefore, our result is fully in
agreement with the one obtained in Ref. [40].
• Note that the constant in either Gγ (xi) or F (xi) can be exactly eliminated due to the unitarity
of U in the (3+n) active-sterile neutrino mixing scheme. That is why a result which is equivalent
to − [F (xi)− 10/3] has been given in Ref. [43]. In the minimal unitarity violation scheme with
n = 0 and U = U as considered in Refs. [36, 37], however, it is the loop function F (xi) that has
been used. Hence the constant 10/3 in F (xi) cannot be eliminated because of the non-unitarity
of U , and it will be the dominant part of F (xi) contributing to the total decay amplitude M.
This point deserves to be highlighted so as to distinguish the minimal unitarity violation case
from a generic (3 + n) active-sterile neutrino mixing case [44].
• In view of Refs. [41,42], where the radiative decays of quarks are calculated at the one-loop level,
we find that a similar loop function can be extracted after we switch off the contributions of
those extra Feynman diagrams which are irrelevant to Figure 2:
F˜ (xi) = −
2x3i + 5x
2
i − xi
4 (1− xi)3
− 3x
3
i
2 (1− xi)4
lnxi . (12)
This result is exactly the loop function of µ− → e− + γ that has been obtained in Refs. [27–29].
It is obvious that the results given in Eqs. (10) and (12) differ from each other by a constant
−5/6; namely, Gγ (xi) = F˜ (xi)− 5/6. As discussed above, this constant can be eliminated when
the unitarity of U is taken into consideration.
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Figure 3: A numerical illustration of the loop function Gγ (xi) evolving with xi ≡ λ2i /M2W (blue
curve), together with the results obtained from the analytical approximations in three typical cases
corresponding to xi  1 (red dashed line), xi ' 1 (green dashed line) and xi  1 (orange dashed
line). In the light gray (xi . 4.0× 10−6) and dark gray (xi & 2.2× 107) regimes, the asymptotic limits
Gγ (xi) = −5/6 and −1/3 hold respectively up to the accuracy of O(10−6).
In short, one should be careful in adopting an explicit expression for the loop function of radiative
decays of charged leptons when discussing the non-unitarity of the PMNS matrix U , because the issue
depends on which unitarity violation scheme is under discussion.
Since the form of Gγ (xi) itself is universal for both active and sterile neutrinos, it is very useful
to consider its behaviors evolving with xi, especially in the extreme cases xi  1 (i.e., λ2i  M2W )
and xi  1 (i.e., λ2i  M2W ). One can easily observe Gγ (xi) = −5/6 for xi  1 and Gγ (xi) = −1/3
for xi  1, as numerically illustrated in Figure 3. In the regions of xi . 4.0 × 10−6 (light gray) and
xi & 2.2 × 107 (dark gray), or equivalently λi . 0.16 GeV and λi & 3.8 × 105 GeV, we find that
Gγ (xi) + 5/6 < 10
−6 and −Gγ (xi) − 1/3 < 10−6 hold, respectively. These two thresholds may be
used to roughly define the regimes of “light” and “heavy” sterile neutrinos when dealing with the
contributions of such new degrees of freedom to the loop function of radiative β− → α−+ γ decays for
(α, β) = (e, µ), (e, τ) and (µ, τ).
On the other hand, it is also instructive and helpful to make an analytical approximation for the
expression of Gγ (xi) in three typical regions of xi (i.e., xi  1, xi ' 1 and xi  1). To a good degree
8
of accuracy, we obtain the approximate analytical results
Gγ (xi) =

−5
6
+
xi
4
− x
2
i
2
− x
3
i (11 + 6 lnxi)
4
+O (x4i ) (for xi  1) ,
−17
24
+
3 (xi − 1)
40
− (xi − 1)
2
40
+
3 (xi − 1)3
280
+O [(xi − 1)4] (for xi ' 1) ,
−1
3
+
11− 6 lnxi
4xi
+
13− 12 lnxi
2x2i
+
47− 60 lnxi
4x3i
+O (x−4i ) (for xi  1) .
(13)
The accuracy of these analytical approximations is numerically illustrated in Figure 3, where xi . 0.25,
0.2 . xi . 5 and xi & 4 have been taken to plot Gγ (xi) corresponding to xi  1, xi ' 1 and xi  1
in Eq. (13), respectively. It is clear that only in the xi ' 1 case the above analytical approximation
for Gγ (xi) is somewhat less accurate as compared with the exact numerical result.
We proceed to calculate the unpolarized decay rate of µ− → e− + γ by using the formula
Γ
(
µ− → e− + γ) = 1
2mµ
· 1
8pi
(
1− m
2
e
m2µ
)
· 1
2
∑
|M|2 , (14)
in which the last part means that |M|2 is averaged over the spin states of µ− and summed over the
spin states of e− and the polarization states of γ. To be explicit,
1
2
∑
|M|2 = − e
2g4
8 (4pi)4M4W
∣∣∣∣∣
3+n∑
i=1
UeiU∗µiGγ (xi)
∣∣∣∣∣
2
qλqµTr
[(
/p− /q +me
)
σρλ
(
mePL +mµPR
)
× (/p+mµ) (mePR +mµPL)σ µρ ]
=
e2g4
4 (4pi)4M4W
(
m2µ +m
2
e
) (
m2µ −m2e
)2 ∣∣∣∣∣
3+n∑
i=1
UeiU∗µiGγ (xi)
∣∣∣∣∣
2
. (15)
As a result,
Γ
(
µ− → e− + γ) = αemG2Fm5µ
128pi4
(
1 +
m2e
m2µ
)(
1− m
2
e
m2µ
)3 ∣∣∣∣∣
3+n∑
i=1
UeiU∗µiGγ (xi)
∣∣∣∣∣
2
, (16)
where αem ≡ e2/ (4pi) is the fine-structure constant of electromagnetic interactions, andGF ≡ g2/
(
4
√
2M2W
)
is the Fermi coupling constant of weak interactions.
Extending the above calculations to the radiative decays τ− → e− + γ and τ− → µ− + γ, one may
directly write out the unpolarized decay rate of β− → α− + γ as follows:
Γ
(
β− → α− + γ) = αemG2Fm5β
128pi4
(
1 +
m2α
m2β
)(
1− m
2
α
m2β
)3 ∣∣∣∣∣
3+n∑
i=1
UαiU∗βiGγ (xi)
∣∣∣∣∣
2
, (17)
where (α, β) = (e, µ), (e, τ) or (µ, τ). In comparison, the purely leptonic decays β− → α− + να + νβ
are also mediated by W− and their rates in the (3 +n) active-sterile neutrino mixing scheme are given
by
Γ
(
β− → α− + να + νβ
)
=
G2Fm
5
β
192pi3
(
1− 8m
2
α
m2β
)[
1 +
αem
2pi
(
25
4
− pi2
)] 3∑
i=1
3∑
j=1
|Uαi|2
∣∣Uβj∣∣2 , (18)
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in which the term proportional to αem stands for the electromagnetic corrections [27]. Note that
3∑
i=1
3∑
j=1
|Uαi|2
∣∣Uβj∣∣2 = 3∑
i=1
3∑
j=1
|Uαi|2
∣∣Uβj∣∣2 =
(
1−
n∑
i=1
|Rαi|2
)(
1−
n∑
j=1
∣∣Rβj∣∣2
)
, (19)
where UU † + RR† = I has been used, and thus it is expected to be only slightly departure from one.
It is therefore straightforward to obtain the dimensionless ratio
ξ
(
β− → α− + γ) ≡ Γ (β− → α− + γ)
Γ
(
β− → α− + να + νβ
)
' 3αem
2pi
∣∣∣∣∣
3∑
i=1
UαiU
∗
βiGγ
(
m2i
M2W
)
+
n∑
i=1
RαiR
∗
βiGγ
(
M2i
M2W
)∣∣∣∣∣
2
, (20)
in the leading-order approximation by neglecting those next-to-leading-order and higher-order contri-
butions. Taking account of the asymptotic behaviors of the loop function shown above, we are going
to discuss how to constrain the unitarity polygons by means of the experimental upper bounds of
ξ (β− → α− + γ).
3 Constraints on the unitarity polygons
In the (3+n) active-sterile neutrino mixing scheme, it is natural to assume that the n sterile neutrinos
are heavy enough such that the seesaw mechanism takes effect to explain why three active neutrinos
are so light. Given this well-motivated picture with Mi MW , one may accordingly simplify the loop
functions Gγ (m
2
i /M
2
W ) and Gγ (M
2
i /M
2
W ). Taking account of the analytical approximations made in
Eq. (13) and the unitarity condition UU † +RR† = I, we obtain
ξ
(
β− → α− + γ) ' 3αem
2pi
∣∣∣∣∣
3∑
i=1
UαiU
∗
βi
(
−5
6
+
1
4
· m
2
i
M2W
)
− 1
3
n∑
i=1
RαiR
∗
βi
∣∣∣∣∣
2
=
3αem
8pi
∣∣∣∣∣
3∑
i=1
UαiU
∗
βi
(
1− 1
2
· m
2
i
M2W
)∣∣∣∣∣
2
, (21)
up to the leading order of RαiR
∗
βi (for i = 1, 2, · · · , n). Two immediate observations are in order.
• If all the new degrees of freedom are switched off, the PMNS matrix U is exactly unitary and
thus one arrives at the “standard” result
ξ
(
β− → α− + γ) ' 3αem
32pi
∣∣∣∣∣
3∑
i=1
UαiU
∗
βi
m2i
M2W
∣∣∣∣∣
2
=
3αem
32pi
∣∣∣∣∣
3∑
i=2
UαiU
∗
βi
∆m2i1
M2W
∣∣∣∣∣
2
. O(10−54) , (22)
where ∆m2i1 ≡ m2i −m21 is defined (for i = 2, 3), and current neutrino oscillation data [1] have
been taken into account in making the above estimate [2]. In this case it is therefore hopeless to
measure any radiative decays of charged leptons.
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• If the PMNS matrix U is not exactly unitary due to the existence of slight mixing between three
active neutrinos and n sterile heavy neutrinos as discussed above, then it is quite safe to neglect
the m2i /M
2
W terms in Eq. (21) and obtain a straightforward but strong constraint on the effective
apex of a given effective Dirac-type unitarity triangle shown in Figure 1:∣∣∣∣∣
3∑
i=1
UαiU
∗
βi
∣∣∣∣∣ =
∣∣∣∣∣
n∑
i=1
RαiR
∗
βi
∣∣∣∣∣ =
√
8pi
3αem
ξ (β− → α− + γ) ' 33.88
√
ξ (β− → α− + γ) , (23)
where αem ' 1/137 has been input at low energies.
So Eq. (23) provides us with a realistic way to probe or constrain the seesaw-induced unitarity violation
in radiative β− → α− + γ decays (see also Ref. [44] for some similar discussions and observations).
It is worth remarking that the coefficient in front of
√
ξ (β− → α− + γ) under discussion differs from
that obtained in the minimal unitarity violation scheme by a factor 5/3 (i.e., the latter amounts to√
24pi/ (25αem) ' 20.33 [36–38]).
To illustrate, let us take into account current experimental upper bounds on the branching fractions
of β− → α− + γ decays and β− → α− + να + νβ decays [1]. That is,
B (µ− → e− + γ) < 4.2× 10−13 ,
B (τ− → e− + γ) < 3.3× 10−8 ,
B (τ− → µ− + γ) < 4.4× 10−8 , (24)
at the 90% confidence level, together with B (µ− → e− + νe + νµ) ' 100%, B (τ− → e− + νe + ντ ) '
17.82% and B (τ− → µ− + νµ + ντ) ' 17.39%. Then we obtain the ratios
ξ
(
µ− → e− + γ) < 4.20× 10−13 ,
ξ
(
τ− → e− + γ) < 1.85× 10−7 ,
ξ
(
τ− → µ− + γ) < 2.53× 10−7 . (25)
A combination of Eqs. (23) and (25) leads us to the constraints∣∣∣∣∣
3∑
i=1
UeiU
∗
µi
∣∣∣∣∣ =
∣∣∣∣∣
n∑
i=1
ReiR
∗
µi
∣∣∣∣∣ < 2.20× 10−5 ,∣∣∣∣∣
3∑
i=1
UeiU
∗
τi
∣∣∣∣∣ =
∣∣∣∣∣
n∑
i=1
ReiR
∗
τi
∣∣∣∣∣ < 1.46× 10−2 ,∣∣∣∣∣
3∑
i=1
UµiU
∗
τi
∣∣∣∣∣ =
∣∣∣∣∣
n∑
i=1
RµiR
∗
τi
∣∣∣∣∣ < 1.70× 10−2 . (26)
These results clearly show that the unitarity polygons in Figure 1 can be treated as the effective
unitarity triangles, since their differences are at most at the O(10−2) level.
The future precision measurements at low energies will allow us to test unitarity of the 3 × 3
PMNS matrix U to a much better degree of accuracy. In this connection it makes sense to look at the
11
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Figure 4: Three sub-triangles 4ijαβ of a given unitarity polygon with definite α and β flavor indices,
formed by two vectors UαiU
∗
βi and UαjU
∗
βj (for i 6= j) in the complex plane.
geometry of a given unitarity polygon as compared with the geometry of its three sub-triangles 4ijαβ
formed by two vectors UαiU
∗
βi and UαjU
∗
βj (for i 6= j) in the complex plane, as illustrated by Figure 4.
The inner intersection angle between these two vectors can therefore be defined as
φγ1 ≡ arg
(
−Uα2U
∗
β2
Uα3U
∗
β3
)
, φγ2 ≡ arg
(
−Uα3U
∗
β3
Uα1U
∗
β1
)
, φγ3 ≡ arg
(
−Uα1U
∗
β1
Uα2U
∗
β2
)
, (27)
where (α, β, γ) = (e, µ, τ), (µ, τ, e) or (τ, e, µ). It is obvious that the sum
φγ1 + φγ2 + φγ3 = pi (28)
holds by definition, even though Uα1U
∗
β1 + Uα2U
∗
β2 + Uα3U
∗
β3 6= 0. This point is sometimes overlooked
in the quark sector when discussing the CKM unitarity test.
One may establish a direct link between the areas of those sub-triangles 4ijαβ, denoted as Sijαβ, and
the Jarlskog-like invariants which are defined in Eq. (4) and satisfy the relation J ijαβ = J jiβα = −J jiαβ =
−J ijβα. Namely, we have
Sijαβ =
1
2
∣∣J ijαβ∣∣ , (29)
where (α, β) = (e, µ), (µ, τ) or (τ, e) and (i, j) = (1, 2), (2, 3) or (3, 1). If R = 0 and U is exactly
unitary, all the possible Jarlskog-like invariants are identical in magnitude [39]. This will not be true
anymore in the existence of active-sterile neutrino mixing, implying that the areas of 4ijαβ are not
exactly equal. To illustrate this point in a more transparent way, we consider the (3 + 3) active-
sterile neutrino mixing scenario and write out the explicit expressions of U and R in an Euler-like
parametrization of the 6× 6 unitary matrix U , as outlined in Appendix B. As a result, we find∣∣S12eµ − S23eµ∣∣ = 12 |s12c13 (c12c23ImX1 − s12s13s23ImX2)| ,∣∣S12eµ − S31eµ∣∣ = 12 |c12c13 (s12c23ImX1 + c12s13s23ImX2)| ,∣∣S23eµ − S31eµ∣∣ = 12 |c13s13s23ImX2| ; (30)
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and ∣∣S12τe − S23τe∣∣ = 12 |s12c13 (c12s23ImY1 + s12s13c23ImY2)| ,∣∣S12τe − S31τe∣∣ = 12 |c12c13 (s12s23ImY1 − c12s13c23ImY2)| ,∣∣S23τe − S31τe∣∣ = 12 |c13s13c23ImY2| ; (31)
as well as ∣∣S12µτ − S23µτ ∣∣ = 12 ∣∣(c212 − s212s213) c23s23ImZ1 + c12s12s13 (c223ImZ2 − s223ImZ3)∣∣ ,∣∣S12µτ − S31µτ ∣∣ = 12 ∣∣(c212s213 − s212) c23s23ImZ1 + c12s12s13 (c223ImZ2 − s223ImZ3)∣∣ ,∣∣S23µτ − S31µτ ∣∣ = 12 ∣∣c213c23s23ImZ1∣∣ , (32)
where cij ≡ cos θij, sij ≡ sin θij (for ij = 12, 13, 23), and Xi, Yi and Zi (for i = 1, 2, 3) are defined
in Eq. (B9) of Appendix B and depend on the active-sterile neutrino mixing angles and CP-violating
phases. Eqs. (B6)—(B8) tell us that all the nine Jarlskog-like invariants J ijαβ will be reduced to the
unique Jarlskog invariant J0 = sin 2θ12 sin 2θ13 cos θ13 sin 2θ23 sin δ/8 in the standard parametrization
of U if U is exactly unitary, and in this case triangles 412αβ, 423αβ and 431αβ are equivalent to one another
and their areas are all equal to |J0| /2. Since Xi, Yi and Zi (for i = 1, 2, 3) are all of O
(
sin2 θij
)
with
θij . O (0.1) being the small active-sterile neutrino mixing angles (for i = 1, 2, 3 and j = 4, 5, 6), the
areas of three sub-triangles of a given unitarity hexagon are expected to be different from one another
at most at the level of one percent or much smaller. Such an observation is certainly true for a generic
unitarity polygon, and that is why the latter can be reduced to an effective unitarity triangle with an
effective apex as illustrated by Figure 1.
Here it is worth mentioning that the areas of triangles 412αβ, 423αβ and 431αβ can in principle be
measured in some long-baseline neutrino oscillation experiments. To see this point, let us assume all
the sterile particles in our (3 + n) active-sterile neutrino mixing scheme to be kinematically forbidden
and write out the possibilities of active να → νβ oscillations in vacuum [25]:
P
(
να → νβ
)
=
3∑
i=1
|Uαi|2
∣∣Uβi∣∣2 + 2∑
i<j
Re
(
UαiUβjU
∗
αjU
∗
βi
)
cos ∆ij − 2
∑
i<j
J ijαβ sin ∆ij
(UU †)αα (UU
†)ββ
, (33)
where ∆ij ≡
(
m2i −m2j
)
L/ (2E). The possibilities of να → νβ oscillations in vacuum can be easily
achieved from Eq. (33) by making the replacement U → U∗. Then the CP-violating asymmetries
between να → νβ and να → νβ oscillations are directly determined by the relevant Jarlskog-like
invariants as follows:
Aαβ ≡ P
(
να → νβ
)− P (να → νβ) = − 4
∑
i<j
J ijαβ sin ∆ij
(UU †)αα (UU
†)ββ
' −4
∑
i<j
[
1 +
(
RR†
)
αα
+
(
RR†
)
ββ
]
J ijαβ sin ∆ij , (34)
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in which the small active-sterile neutrino mixing effects hidden in R have been taken into account.
Note that the
(
RR†
)
αα
+
(
RR†
)
ββ
term will cancel the X ′, Y ′ or Z ′ term in the expressions of J ijαβ
as shown in Eqs. (B6)—(B10), but the combinations
[
1 +
(
RR†
)
αα
+
(
RR†
)
ββ
]
J ijαβ are still different
from J0 because of R 6= 0. Of course, one has to take into account the terrestrial matter effects on
να → νβ and να → νβ oscillations in a realistic long-baseline experiment [25,45].
Finally, let us make some brief comments on the situation that the sterile neutrinos are light enough
such thatMi MW holds (for i = 1, 2, · · · , n) [46]. In this case, the result of ξ (β− → α− + γ) obtained
in Eq. (20) can be simplified to
ξ
(
β− → α− + γ) ' 3αem
32piM4W
∣∣∣〈M〉2αβ∣∣∣2 , (35)
where the effective neutrino mass 〈M〉αβ are defined as
〈M〉2αβ =
3∑
i=1
m2iUαiU
∗
βi +
n∑
i=1
M2i RαiR
∗
βi . (36)
It is obvious that 〈M〉αβ is insensitive to the Majorana phases hidden in U and R, and thus it is closely
related to lepton flavor violation in the charged-lepton sector. Taking account of current experimental
bounds on ξ (β− → α− + γ) given in Eq. (25), we immediately arrive at∣∣∣〈M〉eµ∣∣∣ < 0.53 GeV , |〈M〉eτ | < 13.73 GeV , ∣∣∣〈M〉µτ ∣∣∣ < 14.84 GeV . (37)
Such upper limits remain too large to really probe the magnitudes of mi and Mi in 〈M〉αβ.
4 Summary
We are entering the era of precision measurements of both flavor oscillations of massive neutrinos and
lepton flavor violation in the charged-lepton sector. A burning issue is to test unitarity of the 3 × 3
PMNS matrix U so as to probe or constrain possible new but sterile degrees of freedom which may
slightly mix with three active neutrino species. The most popular example of this kind is the heavy
Majorana neutrinos in the canonical seesaw mechanism, although much lighter sterile neutrinos are
also taken into account in some low-scale seesaw models or purely from a phenomenological point of
view. In this connection the radiative decays of charged leptons in the form of β− → α− + γ, which
may take place via both active and sterile neutrinos in the one-loop, are expected to be an ideal tool to
examine the departure of a unitarity polygon from the standard unitarity triangle of U in the (3 + n)
active-sterile neutrino mixing scheme.
That is why we have calculated the rates of radiative β− → α− + γ decays in the unitary gauge,
and confirmed the results obtained previously in Refs. [28,29]3. We have made it clear that constraints
on the unitarity of U extracted from β− → α− + γ decays in the minimal unitarity violation scheme
3Throughout this work we have focused on the non-supersymmetric active-sterile neutrino mixing scheme. We refer
the reader to Refs. [47, 48] for charged lepton flavor violation in the supersymmetric seesaw scenarios.
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differ from those obtained in the canonical seesaw mechanism with n heavy Majorana neutrinos by a
factor 5/3. In such a natural seesaw case we have demonstrated that the rates of β− → α−+ γ can be
used to cleanly and strongly constrain the effective apex of a unitarity polygon as shown in Figure 1,
and discussed its geometry as compared with the geometry of its three sub-triangles 4ijαβ formed by
two vectors UαiU
∗
βi and UαjU
∗
βj (for i 6= j) in the complex plane. It is found that the areas of such
sub-triangles can be described in terms of the Jarlskog-like invariants of CP violation J ijαβ, and their
small differences may serve as a signal of slight unitarity violation of the 3×3 PMNS matrix U . These
observations should be useful to test the unitarity of U when more accurate experimental data are
available in the foreseeable future, and they can certainly be extended to those simplified seesaw cases
(e.g., the minimal seesaw scenarios [49]) with fewer free parameters.
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Appendices
A The Passarino-Veltman functions
Taking account of the on-shell conditions p2 = m2µ, q
2 = 0 and p · q = (m2µ −m2e) /2, the physical
polarizations for the external photon  (q) · q = 0 and the Passarino-Veltman integrals, we may rewrite
the three one-loop Feynman-diagram amplitudes in Eq. (5) as follows:
iMa =
ieg2
2 (4pi)2
∗ρ (q)u (p− q)
me
(
mePR +mµPL
)
m2µ −m2e
γρu (p)
3+n∑
i=1
UeiU∗µi µ
1
2
ε
×
{
(2−D)B0 (p− q) + (1−D)B1 (p− q) +
1
M2W
[(D − 2)B00 (p− q)
− m2eB11 (p− q) + A0 (λi)
]}
, (A1)
iMb = −
ieg2
2 (4pi)2
∗ρ (q)u (p− q)
mµ
(
mePL +mµPR
)
m2µ −m2e
γρu (p)
3+n∑
i=1
UeiU∗µi µ
1
2
ε
×
{
(2−D)B0 (p) + (1−D)B1 (p) +
1
M2W
[
(D − 2)B00 (p)−m2µB11 (p) + A0 (λi)
]}
, (A2)
and
iMc = −
ieg2
2 (4pi)2
∗ρ
3+n∑
i=1
UeiU∗µi u (p− q)µ
1
2
εMρ (p)u (p) (A3)
with
Mρ = 2mµpρPR
{
C0 − C1 + C2 − (D − 1)C12 +
1
M2W
[B1 (p) +B11 (p) + (D − 2)C00 +DC001
−m2eC122
]}
+ 2mep
ρPL
{
2C0 + C1 +DC2 + (D − 1) (C12 + C22) +
1
M2W
[−B1 (p)− 2C00
+m2eC22 −DC001 + 4C002 + 2m2eC222 +
(
2m2e −m2µ
)
C122
]}−memµγρPR{3 (C0 + C2)
+
1
M2W
[
(D − 4)C00 +m2e (C22 + C222) + (D + 2)C002 −
(
m2µ −m2e
)
C122
]}
−γρPL
{(
m2e + 2m
2
µ
)
C0 +
(
m2µ −m2e
)
C1 +
(
2m2µ −m2e
)
C2 − 2 (D − 1)C00
+
1
M2W
[(
m2µ −m2e
)
[2B1 (p)−DC001] + 2 (D − 1)B00 (p) + 2m2µB11 (p)
+
[
(D − 2)m2e − 2m2µ
]
C00 +
(
m2µ −m2e
)2
(C12 + C112)−m2e
(
m2µ − 2m2e
)
C22
− [(D + 2)m2µ − 4 (D + 1)m2e]C002 + (m2µ − 5m2e) (m2µ −m2e)C122
− m2e
(
m2µ − 4m2e
)
C222
]}
, (A4)
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where A0 (λi), B0 (p
′) ≡ B0 (p′,MW , λi) (for p′ = p or p − q) and C0 ≡ C0 (q, q − p,MW ,MW , λi) are
the Passarino-Veltman scalar integrals whose generic forms are defined as [50–52]
A0 (λ) =
(2piµ)4−D
ipi2
∫
dDk
1
k2 − λ2 ,
B0 (p, λ1, λ2) =
(2piµ)4−D
ipi2
∫
dDk
1
(k2 − λ21)
[
(k + p)2 − λ22
] ,
C0 (p1, p2, λ1, λ2, λ3) =
(2piµ)4−D
ipi2
∫
dDk
1
(k2 − λ21)
[
(k + p1)
2 − λ22
] [
(k + p2)
2 − λ23
] , (A5)
and Bx (p
′) (for x = 1, 00, 11) and Cy (for y = 1, 2, 00, 11, 12, 22, 001, 002, 112, 122, 222) are the
Passarino-Veltman coefficient functions for the tension integral decompositions which contain the
same parameters as B0 (p
′) and C0, respectively. Up to the order of O (m2α/M2W ) for α = e or µ,
the Passarino-Veltman functions appearing in Eqs. (A1)—(A4) are explicitly given by [53,54]
A0 (λi) = λ
2
i
(
∆− ln M
2
W
µ2
− lnxi + 1
)
; (A6)
and
B0 (p
′) ' 1 + ∆− xi
xi − 1
lnxi +
x2i − 1− 2xi lnxi
2 (xi − 1)3
· m
2
α
M2W
− ln M
2
W
µ2
,
B1 (p
′) ' −1
2
∆ +
−x2i + 4xi − 3 + 2xi (xi − 2) lnxi
4 (xi − 1)2
− x
3
i − 6x2i + 3xi + 2 + 6xi lnxi
6 (xi − 1)4
· m
2
α
M2W
+
1
2
ln
M2W
µ2
, (A7)
B00 (p
′) ' 3M
2
W (xi + 1)−m2α
12
∆ +
[
1
12
ln
M2W
µ2
+
−5x3i + 27x2i − 27xi + 5 + 6x2i (xi − 3) lnxi
72 (xi − 1)3
]
m2α
+
3 (x2i − 1)− 2x2i lnxi
8 (xi − 1)
M2W −
1
4
M2W (xi + 1) ln
M2W
µ2
,
B11 (p
′) ' 1
3
∆ +
2x3i − 9x2i + 18xi − 11− 6xi (x2i − 3xi + 3) lnxi
18 (xi − 1)3
+
x4i − 6x3i + 18x2i − 10xi − 3− 12xi lnxi
12 (xi − 1)5
· m
2
α
M2W
− 1
3
ln
M2W
µ2
; (A8)
and
C0 '
xi − 1− xi lnxi
M2W (xi − 1)2
+
(
m2e +m
2
µ
) 5x2i − 4xi − 1− 2xi (xi + 2) lnxi
4M4W (xi − 1)2
,
C1 ' −
3x2i − 4xi + 1− 2x2i lnxi
4M2W (xi − 1)3
+
(
m2e + 2m
2
µ
) −17x3i + 9x2i + 9xi − 1 + 6x2i (xi + 3) lnxi
36M4W (xi − 1)5
,
C2 '
x2i − 1− 2xi lnxi
2M2W (xi − 1)3
+
(
m2e +m
2
µ
) x3i + 9x2i − 9xi − 1− 6xi (xi + 1) lnxi
6M4W (xi − 1)5
, (A9)
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C00 '
1
4
∆ +
3x2i − 4xi + 1− 2x2i lnxi
8 (xi − 1)2
+
(
m2e +m
2
µ
) 2x3i + 3x2i − 6xi + 1− 6x2i lnxi
24M2W (xi − 1)4
− 1
4
ln
M2W
µ2
,
C12 ' −
2x3i + 3x
2
i − 6xi + 1− 6x2i lnxi
12M2W (xi − 1)4
− (m2e + 2m2µ) 3x4i + 44x3i − 36x2i − 12xi + 1− 12x2i (2xi + 3) lnxi
72M4W (xi − 1)6
,
C22 ' −
x3i − 6x2i + 3xi + 2 + 6xi lnxi
6M2W (xi − 1)4
− (m2e +m2µ) x4i − 12x3i − 36x2i + 44xi + 3 + 12xi (3xi + 2) lnxi
24M4W (xi − 1)6
, (A10)
C001 ' −
1
12
∆− 11x
3
i − 18x2i + 9xi − 2− 6x3i lnxi
72 (xi − 1)3
− (m2e + 2m2µ) 3x4i + 10x3i − 18x2i + 6xi − 1− 12x3i lnxi
144M2W (xi − 1)5
+
1
12
ln
M2W
µ2
,
C002 ' −
1
12
∆− 5x
3
i − 27x2i + 27xi − 5− 6x2i (xi − 3) lnxi
72 (xi − 1)3
− (m2e +m2µ) x4i − 8x3i + 8xi − 1 + 12x2i lnxi
48M2W (xi − 1)5
+
1
12
ln
M2W
µ2
,
C112 '
3x4i + 10x
3
i − 18x2i + 6xi − 1− 12x3i lnxi
36M2W (xi − 1)5
+
(
m2e + 3m
2
µ
) 6x5i + 125x4i − 80x3i − 60x2i + 10xi − 1− 60x3i (xi + 2) lnxi
360M4W (xi − 1)7
,
C122 '
x4i − 8x3i + 8xi − 1 + 12x2i lnxi
24M2W (xi − 1)5
+
(
m2e + 2m
2
µ
) x5i − 15x4i − 80x3i + 80x2i + 15xi − 1 + 60x2i (xi + 1) lnxi
120M4W (xi − 1)7
,
C222 '
x4i − 6x3i + 18x2i − 10xi − 3− 12xi lnxi
12M2W (xi − 1)5
+
(
m2e +m
2
µ
) x5i − 10x4i + 60x3i + 80x2i − 125xi − 6− 60xi (2xi + 1) lnxi
60M4W (xi − 1)7
, (A11)
where α = e (or µ) when p′ = p − q (or p), xi = λ2i /M2W and ∆ ≡ 2/ε − γE + ln (4pi) with γE being
Euler’s constant.
B The Jarlskog-like invariants
In the (3+3) active-sterile neutrino mixing scheme, the 6×6 unitary matrix U can be expressed as [26]
U =
(
I 0
0 U ′0
)(
A R
S B
)(
U0 0
0 I
)
, (B1)
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where I denotes the 3 × 3 identity matrix, U0 and U ′0 are unitary matrices responsible respectively
for flavor mixing in the active sector and that in the sterile sector, and A, B, R and S are the 3 × 3
matrices describing the interplay between the two sectors. Then an Euler-like parametrization of U is(
U0 0
0 I
)
= O23O13O12 ,(
I 0
0 U ′0
)
= O56O46O45 ,(
A R
S B
)
= O36O26O16O35O25O15O34O24O14 , (B2)
where Oij (for 1 ≤ i < j ≤ 6) are the two-dimensional 6 × 6 rotation matrices in the complex
plane [25, 26]. The elements of Oij satisfy Oij (i, i) = Oij (j, j) = cos θij, Oij (i, j) = −O∗ij (j, i) =
sin θij exp
(−iδij), Oij (n, n) = 1 (for n 6= i, j), and all the other elements are vanishing. So there are
totally fifteen mixing angles θij and fifteen CP-violating phases δij in the parametrization of U . The
PMNS matrix U is actually a product of A and U0; namely, U ≡ AU0, where A measures the departure
of U from U0. The unitarity of U assures UU † + RR† = AA† + RR† = I, and the exact canonical
seesaw formula is given by
UDνU
T +RDNR
T = 0 , (B3)
where Dν ≡ Diag{m1,m2,m3} and DN ≡ Diag{M1,M2,M3} are defined to be the diagonal active and
sterile neutrino mass matrices, respectively. To calculate the Jarlskog-like invariants J ijαβ defined in
Eq. (4), let us write out the expressions of U0 and A [2]:
U0 =

c12c13 sˆ
∗
12c13 sˆ
∗
13
−sˆ12c23 − c12sˆ13sˆ∗23 c12c23 − sˆ∗12sˆ13sˆ∗23 c13sˆ∗23
sˆ12sˆ23 − c12sˆ13c23 −c12sˆ23 − sˆ∗12sˆ13c23 c13c23
 , (B4)
and
A =

c14c15c16 0 0
−c14c15sˆ16sˆ∗26 − c14sˆ15sˆ∗25c26
−sˆ14sˆ∗24c25c26
c24c25c26 0
−c14c15sˆ16c26sˆ∗36 + c14sˆ15sˆ∗25sˆ26sˆ∗36
−c14sˆ15c25sˆ∗35c36 + sˆ14sˆ∗24c25sˆ26sˆ∗36
+sˆ14sˆ
∗
24sˆ25sˆ
∗
35c36 − sˆ14c24sˆ∗34c35c36
−c24c25sˆ26sˆ∗36 − c24sˆ25sˆ∗35c36
−sˆ24sˆ∗34c35c36
c34c35c36

, (B5)
where sˆij ≡ eiδij sin θij. Since the active-sterile neutrino mixing angles θij (for i = 1, 2, 3 and j = 4, 5, 6)
are expected to at most ofO(0.1), one may make some reasonable analytical approximations to simplify
the elements of A up to O(10−2). Then we obtain the results of nine Jarlskog-like invarants as follows:
J 12eµ ' (1−X ′)J0 + c12s12c313c23ImX1 ,
J 23eµ ' (1−X ′)J0 − s12c13s13 (c12s13c23ImX1 − s12s23ImX2) ,
J 31eµ ' (1−X ′)J0 − c12c13s13 (s12s13c23ImX1 + c12s23ImX2) , (B6)
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and
J 12τe ' (1− Y ′)J0 + c12s12c313s23ImY1 − c12s12c213s13
(
c223ImZ2 + s
2
23ImZ3
)
,
J 23τe ' (1− Y ′)J0 − s12c13s13 (c12s13s23ImY1 + s12c23ImY2)− c12s12c213s13
(
c223ImZ2 + s
2
23ImZ3
)
,
J 31τe ' (1− Y ′)J0 − c12c13s13 (s12s13s23ImY1 − c12c23ImY2)− c12s12c213s13
(
c223ImZ2 + s
2
23ImZ3
)
,(B7)
as well as
J 12µτ ' (1−Z ′)J0 + c12s12c13
[
c23
(
s223 − s213
)
ImX1 + s23
(
c223 − s213
)
ImY1
]
− (c212 − s212) c13s13c23s23 (c23ImX2 − s23ImY2) + c12s12c13s213c23s23 (s23ImX3 + c23ImY3)
− (c212 − s212) s213c23s23ImZ1 − c12s12s13c223ImZ2 + c12s12s313s223ImZ3 ,
J 23µτ ' (1−Z ′)J0 + c12c13
[
s12c23
(
s223 − s213
)
ImX1 + s12s23
(
c223 − s213
)
ImY1 + c12c13s23c23ImZ1
]
− (c212 − s212) c13s13c23s23 (c23ImX2 − s23ImY2) + c12s12c13s213c23s23 (s23ImX3 + c23ImY3)
−c12s12c213s13s223ImZ3 ,
J 31µτ ' (1−Z ′)J0 + s12c13
[
c12c23
(
s223 − s213
)
ImX1 + c12s23
(
c223 − s213
)
ImY1 − s12c13s23c23ImZ1
]
− (c212 − s212) c13s13c23s23 (c23ImX2 − s23ImY2) + c12s12c13s213c23s23 (s23ImX3 + c23ImY3)
−c12s12c213s13s223ImZ3 , (B8)
where J0 = c12s12c213s13c23s23 sin δ with δ ≡ δ13 − δ12 − δ23, and
X1 = X e−iδ12 , X2 = X e−i(δ13−δ23), X3 = X ei(δ12−2δ13+2δ23) ,
Y1 = Ye−i(δ12+δ23), Y2 = Ye−iδ13 , Y3 = Yei(δ12−2δ13+δ23) ,
Z1 = Ze−iδ23 , Z2 = Zei(δ12−δ13), Z3 = Ze−i(δ12−δ13+2δ23) , (B9)
together with
X ≡ sˆ14sˆ∗24 + sˆ15sˆ∗25 + sˆ16sˆ∗26, X ′ ≡ s214 + s215 + s216 + s224 + s225 + s226 ,
Y ≡ sˆ14sˆ∗34 + sˆ15sˆ∗35 + sˆ16sˆ∗36, Y ′ ≡ s214 + s215 + s216 + s234 + s235 + s236 ,
Z ≡ sˆ24sˆ∗34 + sˆ25sˆ∗35 + sˆ26sˆ∗36, Z ′ ≡ s224 + s225 + s226 + s234 + s235 + s236 . (B10)
If the smallness of θ13 is considered and the terms of O
(
s13|X (′)|
)
, O (s13|Y(′)|) and O (s13|Z(′)|)
together with those higher-order terms are omitted in Eqs. (B6)—(B8), then the results in Ref. [26]
can be reproduced and one will be left with J 23eµ ' J 31eµ ' J 23τe ' J 31τe ' J0.
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